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Abstract. The goal of this paper is to show that under some assumptions, for a d-dimensional 
^y. ' fractional Brownian motion with Hurst parameter H > 1/2, the density of the solution of the 

stochastic differential equation 



P^ ' admits the following asymptotics in small times 
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2 FABRICE BAUDOIN AND CHENG OUYANG 

1. Introduction 
In this paper, we are interested in the study in small times of stochastic differential equations on 

(1.1) Xf = x + Y,fv,{Xf)dBl 

where V^'s are C°° -bounded vector fields on W^ and i? is a d-dimensional fractional Brownian 
motion with Hurst parameter H > 1/2. Since H > 1/2, the integrals Jq Vi.{X^)dBl are under- 
stood in the sense of Young's integration (see fSCFl and f3l ]), and it is known (see by e.g. (TT\) that 
an equation like (11.11 ) has one and only one solution. Moreover if for every x G M^, the vectors 
Vi(x), • • • , Vrf(x) form a basis of R.'^, then this solution has for every t > 0, a smooth density with 
respect to the Lebesgue measure (see Q and (HI). 

Our main result is the following: 

Theorem 1.1. Let us assume that: 

• For every x G M , the vectors Vi(x), • • • , Vd{x)form a basis of Mr. 

• There exist smooth and bounded functions w^ such that: 

d 



and 



'«' "JJ - / . ' 
1=1 



^ij = -4- 



Then, in a neighborhood V of x, the density function p{t;x,y) of Xf in f li.il ) has the following 
asymptotic expansion near t = 

Here d{x, y) is the Riemannian distance between x and y determined by the vector fields Vi, ..., Vd- 
Moreover, we can chose V such that Ci{x, y) are C°° inV xV <ZW^x W^, and for all multi-indices 
a and P 



sup sup \^'^^y^^rl^^l{t,x,y)\ < oo 

t<to {x,y)eVxV 



for some Iq > 0. 



For H = 1/2, which corresponds to the Brownian motion case, the above theorem admits 
numerous proofs. The first proofs were analytic and based on the parametrix method. Such meth- 
ods do not apply in the present framework since the Markov property for Xf is lost whenever 
H > 1/2. However, in the seminal works [2 J and [IJ, Azencott introduced probabilistic methods 
to prove the result. These methods introduced by Azencott were then further developed by Ben 
Arous and Leandre in 171, HI, HI and |[20ll . in order to cover the case of hypoelliptic heat kernels. 
Let us sketch the strategy of fSl which is based on the Laplace method on the Wiener space and 
which is the one adopted in the present paper. 



The first idea is to consider the scaled stochastic differential equation 

n 

dXf = e ^ Fi (Xf ) dBi , with Xg = xo . 

We observe that there exist neighborhoods U and V of xq and a bounded smooth function 

F{x, y,z) onU xV xMJ^ such that: 

(1) For any {x,y) ^ U x V the infimum 

inf |f(x, y, z) + ^i^l^, z G M"| = 

is attained at the unique point y. 

(2) For each (x, y) & U xV , there exists a ball centered at y with radius r independent of x, y 
such that F(j;, y, •) is a constant outside of the ball. 

So, denoting by Pe(xo, y) the density of Xf, by the Fourier inversion formula we have 

F{xo,y,y) \ f ■ /- f ■/- PJ^Q.y--'') 

Peixo,y)e ^ = ——je-<ydCj e<-e ^^p,{xo,z)dz 

= 7 ^ / dCK e ^ e 7^ 

Thus, the asymptotics oipt{xQ,y) may be understood from the asymptotics when e — > of 

/ il,-(Xl-y) F{xQ,yXl) 

Je{xQ,y)=^[e e e 7^ 



Then, by using the Laplace method on the Wiener space based on the large deviation principle, 
we get an expansion in powers of e of J£(xo, y) which leads to the expected asymptotics for the 
density function. 

In this work, we follows Ben Arous' approach and show how it may be extended to encompass 
the fractional Brownian motion case. 

The rest of this paper is organized as follows. In a preliminary section we remind some known 
facts about fractional Brownian motion and equations driven by it. In the second section we show 
how the Laplace method may be carried out in the fractional Brownian motion case and finally 
in the third section which is the heart of the present paper, we prove Theorem 11.11 We move the 
proofs of some technical lemmas to the Appendix. 

Remark 1.2. Under the framework of this present work, the Laplace method can be obtained in 
general hypoelliptic case and without imposing the structure equations on vector fields in Theorem 
17.71 These two assumptions are imposed to obtain the correct Riemannian distance in the kernel 
expansion. 

Remark 1.3. When H > 1/2, to obtain a short-time asymptotic formula for the density of solution 
to equation d7.7D but with drift, one need to work on a version of Laplace method with fractional 
powers of £, which will be very heavy and tedious in computation. 

Remark 1.4. When the present work was almost completed, we noticed that a proof for the Laplace 
method for stochastic differential equation driven by fractional Brownian motion with Hurst pa- 
rameter 1/3 < H < 1/2 became available by Y. Inahama JlSl on mathematics Arxiv. 
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2. Preliminaries 

2.1. Stochastic differential equations driven by fractional Brownian motions. We consider 
the Wiener space of continuous paths: 

W^^ = (ci[0,T],R''),iBt)o<t<T, 

where: 

(1) C([0, T], M"^) is the space of continuous functions [0, T] - 

(2) (/3t)t>o is the coordinate process defined by /3t(/) = / (t), / G C([0, T], ] 

(3) P is the Wiener measure; 

(4) {]3t)o<t<T is the (P-completed) natural filtration of (/3t)o<t<T- 

A d-dimensional fractional Brownian motion with Hurst parameter ff G (0, 1) is a Gaussian pro- 
cess 

Bt = {Bl...,Bf), t>0, 
where B^, . . . , B'^ are d independent centred Gaussian processes with covariance function 

It can be shown that such a process admits a continuous version whose paths are Holder p contin- 
uous, p < H. Throughout this paper, we will always consider the 'regular' case, H > 1/2. In 
this case the fractional Brownian motion can be constructed on the Wiener space by a Volterra type 
representation (see [12]). Namely, under the Wiener measure, the process 

(2.1) Bt= [ KHit,s)d(3s,t>0 

Jo 

is a fractional Brownian motion with Hurst parameter H, where 

KHit,s) = chs^~^ (u- s)^~'iu^~^du , t>s. 

J s 

and ch is a suitable constant. 

Denote by 8 the set of step functions on [0, T]. Let % be the Hilbert space defined as the closure 
of £ with respect to the scalar product 

(l[0,t]>l[0,s])w = RH{t-,s). 

The isometry K*jj from Tiio L'^{[{),T\) is given by 

{K*H^){s) = j\{t)^{t,s)dt. 

Moreover, for any ip G L^([0, T]) we have 

I ^{s)dBs = [ {K*H^){s)dPs. 
Jo Jo 

We consider the following stochastic differential equation 

(2.2) Xf = x+[ Vo{X!)ds + V / V^{X^)dBl 

Jo i=i ^0 



where the Vi's are C°° vector fields on W^ with bounded derivatives to any order and B is the 
d-dimensional fractional Brownian motion defined by (I2.1I ). Existence and uniqueness of solutions 
for such equations have widely been studied and are known to hold in this framework. 

2.1.1. Pathwise estimates. Let 1/2 < \ < H and denote by C^(0,r;M'^) the space of A-Holder 
continuous functions equipped with the norm 

\f{t)-f{s)\ 

0<s<t<T 



X,T ■■= II/II00+ sup 

[t - s)^ 



where ||/||oo := supfg[o,T] l/(i)l- 

The following remarks will be useful later. 

Remark 2,1. 

1. It is clear that if f I, /2 G C\ then /1/2 G C^ with ||/i/2||A,t < ||/i||A,t|l/2||A,t- Therefore, 
polynomials of elements in C are still in C . It is also clear that whenever ip is a Lipschitz 
function and f G C^, we have (/?(/) G C"^. 

2. Let f G C'^(0, T; W^) and g : [0, T] -^ Mnxd b^ <^ matrix-valued function and suppose g G C^. 
By standard argument (see Terry Lvons ^tTSJ for instance), 



with 



[' gsdfseC\0,T;R^) 
Jo 



<C\\g\\x,T\\f\\x,T- 

X,T 

In the above C is a constant only depending on A and T. 



9s dfs 




Lemma 2.2. (Hu-Nualart, [1I6I ) Consider the stochastic differential equation f li.il ). and assume 
that E( |Xo j^) < 00 for all p > 2. If the derivatives of Vi 's are bounded and Holder continuous of 
order A > 1/H — 1, then 

e( sup \Xt\A <oo 

\0<t<T J 

for all p > 2. If furthermore Vi's are bounded and E(exp(A|Xo|'')) < 00 for any A > and 
q < 2H, then 

E ( expA f sup \Xt\A I < cx) 

V yo^*^^ J J 

for any A > and q < 2H. 

2.2. Cameron-Martin theorem for fBm. Consider the classical Cameron-Martin space Jif = 

{h G Po(M'^) ■■ \\hlyf < 00}, where 

1 

, ,2 ^ ' 

IhJ ds 



\.je 

'0 



The Cameron-Martin space for the fractional Brownian motion B is 
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where the map Kh ■ •^ — )■ =^^ is given by 

{KHK)t = / Kuit, s)hsds, for all heJ^. 
Jo 

The inner product on J^h is defined by 

{ki,k2)^H = {hi,h2).^, ki = Knhi^i = 1,2. 

Hence Kh is an isometry between .j^ and M'h- 

Remark 2.3. It can be shown that when 7 € M'h, 7 is H -Holder continuous. 

The following Cameron-Martin theorem is known (see [ 121). 

Theorem 2.4 (Cameron-Martin theorem for fBm). Let B^ = B + k be the shifted fractional 
Brownian motion, where k € J^h is a Cameron-Martin path. The law Fj^ of B and the law Fh 
of B are mutually absolutely continuous. Furthermore, the Radon-Nikodym derivative is given by 



:p- = exp 



H 



j {K*H)-\h)sdBs-\\\k\\%.^ 



In the above, h = (Kh) k and the integral against B is understood as Young's integral. 

2.3. Large deviation principle for fBm. The following large deviation principle for stochastic 
differential equation driven by fractional Brownian motion is a special case of Proposition 19.14 
in Friz-Victoirlini (see also lIBll ). 

Proposition 2.5. Fix A E (1/2, H). Let X^ be the solution to the following stochastic differential 
equations driven by fBm B 



sjdBl 



(2.3) X^ = xo+ VoiXs)ds + V e / V,{X. 

Jo ,=1 Jo 

where Vi 's are C°° vector fields on W^ with bounded derivatives to any order. The process X'^ 
satisfies a large deviation principle, in X-Holder topology, with good rate function given by 

A{4>) = inf{A(7) : = 1(7)} 
where I is the ltd map given by f |2.JD with e being replaced by 1, and A is given by 

i||7||.^^ if7G^H, 

A(7) ; 

+00 otherwise. 

3. Laplace method 
Consider the following stochastic differential equation driven by fractional Brownian motion on 

Xt = xo+ VoiXs)ds + V e / ViiXs)dBi. 
Jo ^^1 Jo 



For the convenience of our discussion, in what follows, we write the above equation in the follow- 
ing form 

X^ = x + e [ a{Xl)dBs + f b{e, Xl)ds, 
Jo Jo 

where u is a smooth d x d matrix and b a smooth function from IR+ x M*^ to M*^. We also assume 
that a and b have bounded derivatives to any order. 

Let F and / be two smooth functionals with smooth derivatives to any order. We are interested 
in studying the asymptotic behavior of 

Jie)=E[fiX^)exp{-F{X^)/e'}] 

as e I 0. Indeed, the following theorem is the main result of this section. 

Theorem 3.1. Under the assumption H 1 and H 2 below, we have 

J(e) = e~^e-f (uq + aie + ... + a^e^ + 0(e^+^) j . 

Here 

a = \ni{F + A((/)), € P(M'^)} = inf{F o $(A;) + l/2\k\^.^^ , k € .^1} 
and 

c = M{dF{<l)i)Y„ie {1,2,.. .,n}}, 
where Yi is the solution of 

dYi{s) = d^a{(t>,{s))Y,{s)d-f,{s) + a,6(0, (t)i{s))ds + 9^6(0, (t)i{s))Y,{s)ds 
withYi{i)) = 0. 

For each k € -^h, denote by (^{k) the solution to the following deterministic differential equa- 
tion 

(3.1) dut = a{ut)dkt + 6(0, ut)dt, with uq = x. 

Lemma 3.2. Let $ be defined as above, we have 

A(0) = inf |i||A:|L2^^,0 = <^{k),k e J^h 

Moreover, if A{(p) < 00, there exists a unique k £ J^h such that $(A;) = and A((/)) 
l/2||A:||3r,. 

Proof. The first statement is apparent. For the second statement, we only need to notice that if 

</. = $(A;i) = $(fc2), ki,ki(^M'H. 

then 

ft 

a{(t)s)d{ki-k2)s = ^, tG[0,r], 



/ 

Jo 



'0 

which implies that ki = ^2, since we assume that columbs of a are linearly independent. The 
proof is therefore completed. D 

Throughout our discussion we make the following assumptions: 



8 FABRICE BAUDOIN AND CHENG OUYANG 

Assumption 3.3. 

• H 1: F + A attains its minimum at finite number of paths 4'i,(/)2, ■■■,4'n on P(M ). 

• H 2: For each i E {1, 2, ..., n}, we have (pi = ^{"fi) and 'ji is a non-degenerate minimum 
of the fiinctional F o ^ -i^ 1/2|| • ||^, , i.e.: 

VkeJifH- {0}, (f{Fo<^ + 1/2|| • \\%'Ji7^)k'^ > 0. 
Lemma 3.4. Under assumption H 1, we have 

a = inf{F + A(0), ,/. G P(]R'^)} = inf |f o ^{k) + ^ \\kf^^,k G .J^h 

and the minimum is attained at n paths 71 , 72 , • • • , 7n G -J^H such that 

$(7i) = <Pi 
and 

Proof. This is a direct corollary of Lemma [l!2l D 

Assumption H 2 has a simple interpretation as follows. Let 7 be one of the 7j's above. Define a 
bounded self-adjoint operator on M' by 

<fF o <^{-f){KHh^,KHh'^) = {Ah^, h^)^, for /i\ /i^ G J^. 

Lemma 3.5. The bounded self-adjoint operator A is Hilbert-Schmidt. 

Proof. The proof is similar to that in Ben ArousfTl but with slight modification. Thus we only 
sketch the proof here . In what follows, k always denotes an element in J^h and h = K^k its 
corresponding element in M'. 

For any fe^, A;^ G -j^h, we have 

<fF o ^{-f){KHh^,KHh^) = d^F o $(7)(A:\ A;^) 

= (fF{d^{-f)k^ ,d^{-f)k'^) + dF{(t)){(f^{-i){k^ ^k^)). 

Let 

(f) = $(-)') and x(.k) = d^{'y)k. 

It can be shown (cf. Ben ArousQ), 

d(j)t = a{(j)t)d'yt + ^(0, (j)t)dt, with </>o = x, 

dxt = (T{<i)t)dkt + dxCF{4>t)xtd'yt + dxb{0, (l)t)xtdt, with xo = 0, 
and 

d^<^ij){k\k^)it)= [ Q{t,s)dM<t^s){x{k^)sdkl + x{k^)sdkl) 
Jo 

+ [ dlM^s){x{k')s,x{k^)s)djs+ I dl,b{0,(t>s){x{k')s,x{k^)s)ds. 
Jo Jo 



Here Q{t,s) takes the form 
Moreover, we have 



Q{t,s) = dx(t)t{x)dx(t)s{x) ^ 



(3.2) 



Set 



Xt{k) = / Q{t,s)a{(ps)dks 
Jo 

'■* ' '■* dKH{s,u) 



\Ju 



Q{t,s)a{ 



ds 



ds I hudu 



(3.3) V{h\h'){t)= I Q{t,s)dM<i^s){x{KHh^)sd{KHh^)s + x{KHh^)sd{KHh^)s) 

Q{t,s)dM^s)ix{k^)sdk^s+x{k^)sdkl) 
dKH{s,u) 





7* 

Ju 



Q{t,s)dM<Ps y""Q^' ^' {X{k^)shl + x{k^)shi)dsdu. 



Define a bounded self-adjoint operator A from ^ to Jif by 

dFicl))iVih\h^)) = iAh\h^)j^ 

We conclude that A is Hilbert-Schmidt since, by ( 13.21 ) and (13.31 ). it is defined from a L^ kernel. 
Therefore, to complete the proof, it suffices to show that A — ^ is Hilber-Schmidt. By the same 
argument as in Ben ArousQ, we only need to show 

||d$(7)KH/i||oo = \\x{KHh)\\oo < C\\h\\^, for all heJ^. 
Indeed, by an easy application of Gronwall inequality to the equation for %, we have 

||d$(7)(KH/i)||oo < WKhHWoo. 
Moreover, since 

{KHh)t= I KH{t,s)hsds, 
Jo 



and note dK^it, s)/ds G L^,we have 



\KHh\t < 



Knit, s)hsds 



OS 



< \\h\ 



dKH{t,s) 



ds 



ds, 



The proof is completed. 



n 



From the above lemma, assumption H 2 simply means that the smallest eigenvalue of A is 
attained and is strictly greater that —1. 
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3.1. Localization around the minimum. By the large deviation principle, the sample paths that 
has contribution to the asymptotics of J{e) lie in the neighborhoods of the minimizers of F + A. 
More precisely, 

Lemma 3.6. For p > 0, denote by B{(/)i, p) the open ball (under X-Holder topology) centered at 
(pi with radius p. There exist d > a and Sq > such that for all £ < Eq 



J{e) 



f{X^)e~^^''T)/^\x' e U Bi<p,,p) 



< e""!'" 



\<i<n 

Proof. This is a consequence of the large deviation principle. 

Assume that n = 1, i.e., F + A attains its minimum at only one path (\). Let 



D 



^p(e) 



/(X^)e-^(^^)/-',X^GB(,^,p)' 



The above lemma tells us that to study the asymptotic behavior of J(e) as e | 0, it is suffice to 
study that of Jp{e). 

3.2. Stochastic Taylor expansion and Laplace approximation. In this section, we prove an 
asymptotic expansion for Jp{e). 

Let (f) be the unique path that minimizes F + A. There exists a 7 € -j^h such that 

1 



and for all /c G J^ - {0}: 



= ^(7), andA(,/.) = -||7||j^^, 



rf'(i^o^ + ^llllk)(7)^'>0- 



Let 

We have 

(3.4) 

and 

(3.5) 



X{k) = d^{-i)k and V(^, k) = d^<^{j){k, k). 
dxt = (j{4>t)dkt + dx(T{<j)t)xtd'yt + dxb{0, <i)t)xtdt, 

dipt =2dxa{(j)t)xtdkt + dl^a{(j)t)Xtd'yt + dxCF{4>t)iptd'yt 
+ CKO, (t>t)xldt + a^fe(0, <j)t)^tdt. 
= 0. These formula will be useful later. 



Here xo 

Consider the following stochastic differential equation 



Zt = x+ [ a{Zl){edBs + d7s) + / K^, Zl)ds. 
Jo Jo 

It is clear that Z^ = (p. Denote Z™'^ = d^Z^ and consider the Taylor expansion with respect to e 
near e = 0, we obtain 



N 



Z' 



'+E 



j=0 



9j^ 



+ e^+ii?^ 



Af+l' 



11 
where gj = Z^'^. Explicitly, we have 

dgi{s) = a{(j)s)dBs + dx(y{(j)s)gi{s)d^s + dxb{0,(j)s)gi{s)ds + d£b{0,(l)s)ds. 

Similar to the Brownian motion case, we have the following estimates, the proof of which is 
postponed to Appendix. 

Lemma 3.7. For any t € [0,T], there exists a constant C > such that for r large enough we 
have 



and 



P{||5i||A,t>r}<exp|-^2ir| 
P{||52||A,t>r}<exp|-^|. 



n¥Rlh,t>r;t<T'}<p 
n\\^R2h,t>r;t<T'}<exp 



2H 



pt 

nW^Rsht >r;t<T'}< exp |-^| , 

Here T^ is the first exist time of Z'^ from B((j), p). 

Let 9{e) = F{Zj.). By Taylor expansion of 9{e) with respect to e, we obtain 

e{e) = e{Q) + ee'{f))+£'^U{e). 
Here 

U{e) = / (1 - v)e"{ev)dv, and 0(0) = F((/.). 

Lemma 3.8. With the above notation, we have 

e'{0) = dF{cl>)g, = - f {{ICH)-\K]j^^))dB, + dF{cl>)Y. 
Jo 

Here Y is the solution of 

dVs = dM<Ps)Ysd-fs + deb{0, ct>s)ds + a^6(o, (/>,)nds, y(o) = 0. 
Proof. By an easy application of the Gronwall's inequality to (13.41) . we have for any k G J^h, 
(3.6) ||d^(7)^lloo < C||A;||oo 

for some positive constant C. Therefore, d^ (7) can be extended continuously to an operator on 

P(M'^). Wehave 

gi = d^^)B + Y. 
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Ontheother hand, since 7 is a critical point of Fo$ + 1/2 II • II j^^ and note ||A;||jeH = W^h ^11^' 
we have 



(3.7) 



dF{(t)){d^{-i)k) 



{KH'l)s{KH'k)ds 



for all k G M'h- The second equation above can be seen as follows. Denote by 



h = Kjj^k. 



We have 



Jo Jo 



^H 



ds 



{s,u)hududs 



T rT 



dK 



K / {{Kt,)~\K],'^))^^{s,u)d. 



ds 



hu{Kjj^-l)^du 
iKH'l),{K],'k)^ds. 



From ( 13.61 ) and ( 13.71 ) we conclude that the path (K^) ^{Kj/j) has bounded variation and 
hence, by passing to limit, we obtain 



dF{<f>){d<P{-f)B) 



{{K*H)-\Kjj^l))dB,. 



The proof is completed. 

Now, by Theorem 12.41 we have 



U 



1 



/(Z^)exp ( -^^) «^P ( -^y^ {{Kh)-HK],'^))dB. 



l7llk 



=E[y(e);Z^i?(0,p)]exp 



1 



1 



^(i^('/')+2ll7llk 



exp 



2e2 
dF{(p)Y 



■,Z'GB{cP,p) 



exp 



dF{(t>)Y 



In the above 

V{e) = f{Z^)e-^('\ 

To prove the Laplace approximation, it now suffices to estimate E[y(e); Z^ G B{(l), /))] . For 
this purpose, we need the following two technical lemmas. 
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Lemma 3.9. Let 

e{e) = F{Z^) = 0(0) + £^'(0) + e^U{e) 

where 

U{e) =/"(!- v)e"{ev)dv, and 0(0) = F{(j)). 

Jo 

There exist /3 > and Eq > such that 

sup Efe-(i+^)^(^);t<r^) < oo. 

0<e<eo ^ ^ 

Proof. See Appendix. D 

Lemma 3.10. For all m > and p >2, there exists an eq > such that 

supEJ sup \d^Zf\p] <oo. 

s<eo \ie[0,l] / 

Proof. This is a consequence of Lemma 12. 21 D 

Denote V^'^\e) = dl^V{e). By Lemma [3^ and Lemma [3.10[ one can show 
E|yM(0)|P < oo, forallp> l,m > 0. 

Consider the stochastic Taylor expansion for V{e) 

where 



N+l QS 

ml ^+1 

m=0 



iy(Af+i)(e^)(l_^;) 

^^+1 - / j;^ 



^7V 

S%^, = I '-^^^^ — '^-^dv. 

/o 



It can be shown, again by Lemma [l!9l and Lemma lS. lOK cf. Ben ArousQ), 

sup E[|5^+i!;Z^ei?(0),p)] <oo. 

0<e<eo 

Thus we conclude that 

N 

E[V{ey,Z'GB{ct>,p)] = ^ a^e™ + 0(£^+i). 

m=0 

Moreover, one can show 

_ Ey("')(0) 
m! 
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4. Short-time expansion for transition density 

We now arrive to the heait of our study and are interested in obtaining a short-time expansion 
for the density function of Xt, where 



(4.1) dXt = V ViiXt)dBi, Xo = x 



d 

1=1 



Here Vj's are C°° vector fields on R*^ with bounded derivatives to any order. Throughout this 
section, we shall also make the following assumption on the vector fields T^'s. 

Assumption 4.1. 

• For every x G M , the vectors Vi{x), • • • , Vd{x) form a basis of Mr. 

• There exist smooth and bounded functions cj' such that: 

d 

[Vi,V,] = Y,^.jVu 
1=1 

and 

uj\j = -ul^. 

The first assumption means that the vector fields form an elliptic differential system. As a conse- 
quence of Baudoin and Hairer[5 1, it is known that the law of Xt, t > 0, admits therefore a smooth 
density p(t; x, y) with respect to Lebesgue measure. The second assumption is of geometric nature 
and actually means that the Levi-Civita connection associated with the Riemannian structure given 
by the vector fields V^'s is 

VxY = \[X,Y]. 

In a Lie group structure, this is equivalent to the fact that the Lie algebra is of compact type. We 
will see the use of this assumption in a section below. 
The following theorem is the main result of our paper. 

Theorem 4.2. Fix x G M*^. Assume that the assumption \4.1\ is satisfied, then in a neighborhood 
V of X, the density function p{t; x, y) of Xt in f l4.iD has the following asymptotic expansion near 
t = 

p{t;x,y) = j^e-"^^ (^Y,Ci{x,y)t^'^ + rN+i{t,x,y)t^''^\ yeV. 

Here d{x, y) is the Riemannian distance between x and y determined by Vi, ..., Vd- Moreover, we 
can chose V such that Ci{x, y) are C°° inV xV <ZW^ y. W^, and for all multi-indices a and /3 

sup sup \d^dydtrN^i{t,x,y)\ < oo 

t<to {x,y)£VxV 
for some to > 0. 

Once the Laplace approximation in the previous section is obtained, the proof of the above 
theorem is actually quite standard and follows closely the argument given, for instance, in Ben 
Arous|8|. Thus, for most of the lemmas in what follows, we only outline the proofs but stress the 
main differences with Brownian motion case. 
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4.1. Preliminaries in differential geometry. The vector fields Vi, V2, ..., V^ on M*^ determine a 
natural Riemannian metric g = [gij) on M'' under which ^1(2;), V2(x), ..., Vd{x) form an orthonor- 
mal frame at each point x G M*^. More explicitly, let a be the d x d matrix formed by 

a{x) = {Vi{x),V2{x),...,Vd{x)). 

Denote by F the inverse matrix of aa* . Then the Riemannian metric g is given by 

gij = Tij, l<i,j<d. 

Throughout our discussion, we denote by M the Riemannian manifold M*^ equipped with the metric 
g specified above. The Riemannian distance between any two points x,y on M is denoted by 
d{x, y). We recall that 

d{x, y) = inf / J g^s){l'{s),i{s))ds 

where 7 G C{x,y) denotes the set of absolutely continuous curves 7 : [0, 1] — )■ W^, such that 
7(0) = x,7(l) =y. 

More analytically, this distance may also be defined as 

d 

d{x,y) = sup{/(x) - f{y)Je C^{R''),Y,iVjf < 1}, 

j=i 

where C^(M'^) denotes the set of smooth and bounded functions on W^. Since the vector fields 
Vi,- ■ ■ ,Vd aie Lipschitz it is well-known that this distance is complete and that the Hopf-Rinow 
theorem holds (that is closed balls are compact). 



Due to the second assumption 14.11 the geodesies are easily described. If k : R>o ^ M is a 
a-Holder path with a > 1/2 such that k{0) = 0, we denote by ^{x, k) the solution of the ordinary 
differential equation: 

+ V / Vi{Xs)dkl. 

~1 Jo 



Xt = X 



i=i-^o 



Whenever there is no confusion, we always suppress the starting point x and denote it simply by 
^{k) as before. 

Lemma 4.3. <l>(x, k) is a geodesic if and only ifk{t) = tufor some u G M . 

Proof. It is well-known that geodesies c are smooth and solutions of the equation 

Vc'C = 0, 

where V is the Levi-Civita connection. Therefore, in order ^{k) to be a geodesic, we first see that 
k needs to be smooth and then that 

d 

j=i 
Now, due to the structure equations 



[V„V,]=Y,^i^Vi, 



1=1 
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the Christoffel's symbols of the connection are given by 
So the equation of geodesies may be rewritten 

1=1 i,j,l=l 



Due to the skew-symmetry cj' = —oj\^ we get 



I J ~jj 



' -0, 



which leads to the expected result. D 

As a consequence of the previous lemma, we then have the following key result: 
Proposition 4.4. Let T > 0. For x,y ^W^, 

■ f ||,||2 c?2(a:,y) 

Proof. In a first step we prove 

Let k G Jifn such that $o(^) = a;, <&t(^) = U- Denote by z the solution of the equation 

d 
dzt = ^ Vi{zt)dki, 0<t<T. 

i=l 

We have therefore: 

zq = X, ZT = y. 
Let now / G C^{W^) such that YA=i{^if)'^ < 1 . By the change of variable formula, we get 

f{y) - fix) = E / vj{zt)dki. 

Since k G J^h, we can find h in the Cameron-Martin space of the Brownian motion such that 

kt= KH{t,s)hsds. 
Jo 

Integrating by parts, we have then 



VJ{zt)dkl = J^ l^J -^{t,s)VJ{zt)dtjKds. 

Therefore from Cauchy-Schwarz inequality, the isometry between J^ and Jtn and the fact that 
ULii^iff < 1' we deduce that 

{f{y)-f{x)f<R{T,T)\\h\\l,^^,^,^^=T^^\\kf^^. 
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Thus 

d'^{x,y) 2 

^„„ < mt \\k\\,y^'. 

We now prove the converse inequahty. 

We first assume that y is close enough to x so that there exist {yi,- ■ ■ , yd) G ^'^ that satisfy 



Y^y^V^ix). 
f^KH{t,s)KH{T,s)ds _Rit,T) 



y = exp 
Let 

,._ iiKHit., 

rp2H y« rp2H 



P — J<J .. ^ , , .. ^ , , _ '"^-7- / 



In that case, it is easily seen that 

(x). 



In particular, 
Moreover, 

As a consequence 



^km=e^p(y^^^y,v)j 

<^o{k) = x,<^i{k) = y. 
I|,|,2 _ EtiVf _ dHx,y) 

W^Wj^'h rp2H rp2H • 



• f It, ||2 ^ d'^{x,y) 



If y is not close to x, we just have to pick a sequence xq = x,- ■ ■ , Xm = y such that 

d{xi,Xi+i) < e 
and 

m— 1 

where e is small enough. D 

The second keypoint is the following 

Theorem 4.5. Fix xq € M. Let F be a C°° function on M. There exists a neighborhood V of xq 
such that ifyo € V is a non-degenerate minimum of 



2 



then there exists a unique Uq G J^ such that (a): <l>i(xo, feo) = 2/0/ (b): d{xQ,yo) = \\kQ\\_^^; 
and (• 

JtH- 



and (c): fco is a non-degenerate minimum of the functional: k — > F(<I>i(xo, k)) + 1/2||A;||^ on 
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Proof. The first two statements are clear from Proposition 14.41 We only need to prove (c). To 
simplify notation, let 



1, 



Consider 
and 

It is clear that 
Thus 



G{k)=F{^^{x,,k)) + -\\k\\'^^. 



u{t) = G{ko + tk), 



v{t) = F($i(xo, ko + tk)) + -(fixo, $i(xo, fco + tk)). 



u{t) > v{t), n(0) = v{0) and u'{0) = v'{0) = 0. 



cfG{ko)k^ = n"(0) > v"{0) =(f + ld{xo, -A (yo) {d'^i{ko)kf . 

When k ^ Ker(d$i(2;o, A;o))> we surely have 

cPG{kQ)k^ > 0. 
In the case k € Ker((i<i>i(xo, A;o))> we have 
(4.2) (fG{ko)k^ > 0, when yo = xq- 

To see this, first note that since k G Ker{d^i{ko, xq)) we can chose a family of path {z* G 

C([0,l];M'^);t G [0, 1]} such that 4 = 4 = ^s = for all (t, s) G [0,1] x [0,1], and 

dz* 

= d^{xo, kQ)k. 

t=o 



dt 



Moreover, we have z* = <I>(0, A;*) for a family of path /c* G M'h- Therefore 



dMko)^ = ^ 



F{xo + zi) + -\\k'\\^^ 



'<Ai 



fc* 



t=0 



ds. 



t=o \ ^ / JO 

This shows that if d^G{kQ)k'^ = then A; = 0, which proves (14.21 ). Now the lemma follows by a 
continuity argument. D 

Remark 4.6. In the above lemma, it is clear that we can choose the neighborhood V of xq such 
that for any x ^ V, ify ^ V is a non-degenerate minimum of F{y) + d{x, y)^/2, then the three 
properties in the lemma are fulfilled. 

4.2. Asymptotics of the density function. Consider 



dXf = e^Vi{Xl) dBi with X^ 



X. 



i=l 



Before applying the Laplace approximation to Xf, we need the following lemma which gives us 
the correct functionals F and /. 
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Lemma 4.7. Let V be in Remark \4.6\ There exists a bounded smooth function F{x, y, z) on 
V xV X M such that: 

(1) For any {x,y) ^VxV the infimum 

mf I F{x,y,z) + ^^^i^,z e m] =0 



is attained at the unique point y. More over, it is a non-degenerate minimum. 

(2) For each {x,y) gV x V, there exists a ball centered at y with radius r independent ofx,y 
such that F{x, y, •) is a constant outside of the ball. 

Proof. See Lemma 3.8 in Ben ArousllSl. D 

Let F be in the above lemma and ps{x,y) the density function of Xf. By the inversion of 
Fourier transformation we have 

Pe{x,y)e ^^^ = — — ^ / e-^-'^dC / e^'-'^e ~^^~pe{x,z)dz 
= J2^J^ ^ dCJ e e e ^^p,{x,z)dz 

It is clear that by applying Laplace approximation to the expectation in the last equation above 
and switching the order of integration (with respect to Q and summation, we obtain an asymptotic 
expansion for the the density function Peix^ y). On the other hand, we cannot apply the Laplace 
method here directly since we need a uniform control in x and y. Also we need to show that the 
use of Fourier inversion is legitimate. 

To make the above prior computation rigorous, we modify the Laplace method in the previous 
section as follows. 

First note that by Lemma 1431 Assumption [33] is satisfied. Consider 

d 

dZt{x, y) = ^ F, {Zt{x, y)) {edBJ + d4{x, y)) , with Zg(x, y) = x. 

i=l 

In the above {x,y) G V x V and 7(3;, y) is the unique path in J^h such that <l>i(x, 7(x, y)) = y 
and \\"f{x,y)\\,^^ =d{x,y). 

Lemma 4.8. Let Zf{x, y) be the process defined above, then Zf{x, y) is C°° in (e, x, y). Moreover, 
there exists an Eq > such that 

sup sup J2^( snp \\D^{d^d^d^Zf{x,y))r^J<oo. 

£<eox,y&VxV j^^^ \te[0,l] J 

Here m, n are non-negative integers, p > 2 and a G {1, 2, ..., d}^ , (3 E {1, 2, ..., d}' are multiple 
indices. 

Proof. The first statement is clear. The second statement is a consequence of Lemma 1231 D 
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Now consider the stochastic Taylor expansion for Z^ 



(4.3) 
Here 
and 

Let 
We have 
where 






fc! 



(x,y) = $(x,7(x,2/)), 



Jo 



Nl 



e{e,x,y) = F{x,y,Zf{x,y)). 
9{e, X, y) = ^(0, x, y) + £5^0(0, x, y) + e2;7(e, x, y). 



U{e,x,y)= d^6{e,x,y){l-v)dv. 
Jo 
By our choice of Z^, it is clear 



^(0, X, y) = F{x, y, (j)i{x, y)) = F{x, y, y). 



de9{0,x,y) = - / iK*H)-\K^'j{x,y))^dB, 



(4.4) 

Lemma |3^ gives us 

(4.5) 

Thus applying Cameron-Martin theorem for fBm (Theorem 12.41 ). we have 



, iC ■ {Zf - y) F{x,y,Zf) \ / 1 /■\.^*wi.^-i ^^ ,R 



2^2 



exp 



e 



E, 



In the above 



exp ( < • 9i{x, y) ] exp ( < • ^(e, a:, y) - U{e, x, y) 

d'^{x,y) 



a{x,y) = F{x,y,y) + 



0, 



and 



T^/ N Zf{x,y)-y-egl{x,y) 2, x 

^(e, X, y) = — = eR{{e, x, y). 

Similar to the argument in Section 2, we need to estimate 



E, 



exp [K- g\ (x, y) ) exp ( iC, ■ V (e, x, y) - U{e, x, y) 



For this purpose, we need 
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Lemma 4.9. There exist C > and Sq > such that 

sup sup Ee~(i+^)^(^'^'^) < oo. 

{x,y)&Vy.V £«^o 

Proof. We only sketch the proof. Details can be found in Ben ArouslH (with minor modifications) 
and will not be repeated here. 

Fix any 1/2 < X < H. One can show that for p > there exist constants C > 0, b > and 
eo > such that for all e < eo and all {x,y) £ V x V we have 



(4.6) E,. ^e-^^+C)U(s,.,y). |[^e _ 0,(a;,y)||^^^ > p} < e 



-b 

72- 



Here 1 1 • 1 1 A,t is the A-Holder norm up to time t. The above estimate is a consequence of the following 
application of the large deviation principle to Xf, i.e., 

r _F(x,y,X^) ^ 

limsupe logE^. <^e 7^ ;\\X^ - (P{x,y)\\x,i > p> < -a{x,y) = 0. 

On the other hand, applying Lemma [l!9l we have, for each (x, y) £ V x V there exists C > 
and eo > such that 

supE^|e~(i+^)^(^'^'^);||Z^-0(2;,y)||A,i < p| < oo. 

e<eo •- ' J 

Since we have smoothness of Z'^(x, y) (in x and y) and V xV is contained in a compact subset of 
M X M, the above estimate leads to 

sup sup E, L-{l+C)U(e,x,y). ||^. _ ^(^,y)||^^^ < p| < oO. 
£<E:o{x,y)eVxV ^ ^ 

Together with (14.61 ) the proof is completed. 

D 

Set 

T{e,x,y) = e^'^-^(^'^'3')-^("'^'^) 
and consider the stochastic Taylor expansion for it 

(4.7) T(e,x,y,C)= VarT(0,x,2/,C)^ + 5;v+i(6,x,2/,C)e^+\ 



m=0 

where 



S'Af+i(e,j;,y,C) = / d^^^T{ev,x,y,C,) tt, — dv. 







Lemma 4.10. For any non-negative integers k, I, m and n, and multi-indices a € {1, 2, ..., d} 

and /3 G {1, 2, ..., d}', we /zave 

fi) For all p > 2, there exists Eq > such that 

sup sup e( V sup ||D^(a^a^ar<-^(e,x,y)-C/(e,x,y)||^g) <oo. 

e<eox,y&/xV \-_nte[0,l] / 



m+k+l 
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(2) There exist C > 0, i^ > and eo > such that 

sup sup Eff^ sup ||D^(5^9f9rT(e,x,y,C)||Jit''l <^(IICII + 1)"'^'^'. 

e<sox,y&VxV \^-^Qte[0,l] / 

Moreover, we have 

(" i+c \ 

^ sup D^(a,"a,^ar(e<-^'("'^)T(6,x,y,C)) „^ ]<K{\\C\\ + l] 
^tG[o,i] Hs y ' 

Proof. We follow the argument in Ben Arous(8l. Note that 

iC-V{e,x,y)-U{e,x,y)=tC [ d^,Zr{x,y){l - v)dv - [ d^J{ev,x,y){l - v)dv. 

Jo Jo 

The estimate in (1) follows directly from Lemma l48l 

For the second statement, first note that 

e^^ e Dom(L>). 

This is seen by an approximating argument and that D is a closed operator. Moreover, we have 

D{e-^) = -{DU)e-^. 

Hence T is also in the domain of D. 

It is clear that d^dydlpT is of the form WT, where VF is a polynomial in ( of degree ttt, + |a| + 
|/3| with coefficients derivatives (w.r.t. x, y and e) of U{e, x, y) and V{e, x, y). Moreover, 

D{d^d^d^T) = {DW + iC-DV - DU)T. 

The first estimate in (2) now follows immediately from (1) and Lemma 1431 The last estimate in 
(2) then follows from the first one in (2) and Lemma 1481 This completes the proof. 

D 

With the above lemma, we are now able to obtain an asymptotic expansion for 

E, 



exp iiC ■ glix,y)\ exp iiC ■ V{e,x,y) - U{e,x,y)] 



Define 



and 



am{x,y,C) =E2 



TN+i{e,x,y,C) ='^x 
Recall (I4.7I ). we obtain 

Ex 
=E, 

N 



exp{iC-glix,y))drTiO,x,yX) 
exp (< ■ 9i {x, y)) Sn+1 (e, x, y, C) 



exp f i( ■ gl{x, y) \ exp f iQ ■ V{e, x, y) - U{e, x, y) 
exp {iC-g\{x,y)\T{e,x,yX) 

Y,am{x,y,Cy'' + TN+i{e,x,y,C)e''+\ 



m=0 
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Remark 4.11. Indeed, Lemma U. 10\ provides us smoothness and boundedness of am and T/v+i- 
So far, we have obtained that for all ^ G K*^ 

'iQ.{Xl-y) Fix,y,Xf: 



Kx exp 



-e E^ 



N 



N 



Y, c^mix, y, Oe"" + Tn+i {e, x, y, Oe^+' 



m=0 



^ am{x, y, ()£"" + 7Ar+i(e, x, y, C)e 



N+l 



m=0 

To apply the inversion of Fourier transformation, we need integrability of Om and T^v+i in (, which 
is answered in the following lemma. 

Lemma 4.12. For any non-negative integers p, k and I, and multi-indices a G {1, 2, ..., d} and 
(3 G {1,2, ...,d}', we have 

(1) There exists K = Kp{a, /?) > such that 

K 

dxdy(^m{x,y,C) 



sup 

{x,y)£VxV 



< 



IICI 



2p 



!ICII + i 



.m+k+l 



(2) There exists eq > and K = K{p, N, a, /3, m) > such that 

K 



sup sup 

£<£0 {x,y)<^VxV 



d^d^drTN+i{e,x,y,0 



< 



\2p 



+ 1 



XN+l)+k+l 



Proof. The lemma follows from integration by parts in Malliavin calculus. Indeed, first note that 
by equation ( 15.71 ), the Malliavin matrix of g^ is deterministic, non-degenerate and uniform in x and 
y. By Proposition 5.7 and Proposition 5.8 in Shigekawa|29| and Lemma [481 for any proper test 
function ip, G & bI"!''^, there exist laG and r < q such that 



E{d''ijigl)G) = E{i;{gl%{G)) 



and 



|a| 



Ihs 



{EUG)\y<K[Y^E\\D^G\\\ 
\j=o 

Here K depends on|a|, (7J and its Malliavin matrix and K is uniform in x and y. 
Applying the above integration by parts formula with 

p 



iP{u) = e^^-" and 9" = ( ^ 9^ J 



We have 



E(e^^-3iG) 



< 



K 



2p 



Ye{\\d^g\ 



HSJ 



J=o 



n 
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Now the lemma follows by Lemma l4.10l and replacing G in the above by 

Gi = a:5,^9rT(0,x,y,C), 
and 

Now we only need to chose 2p > d + {N + 1) + fc + / in the previous lemma and obtain 

Pe{x,y)e ^ = 2 — ( "^ (^m{x,y)e'^ + tN+i{e,x,y)e^+'^ 

Here 

/3m{x,y) = j^;^ / amix,y,C)dC, 

and 

tN+i{e,x,y) = ——^ / TN+i{e,x,y,C)dC. 

Notice that the /3m (x, y, () is an odd function in ( when m is odd (cf, Ben ArousfP]). Now by the 
self-similarity of the fractional Brownian motion and it e = t^ we obtain the desired asymptotic 
formula for the density function. 

4.3. The on-diagonal asymptotics. As a straightforward corollary of Theorem l4i2l we have the 
following on-diagonal asymptotics: 

1 

In this subsection, we analyze the coefficients a„(x) and show how they are related to some func- 
tional of the underlying fractional Brownian motion. 

We first introduce some notations and remind some results that may be found in 131, lH, ll24l 
andl|T4l 

If / = {ii, ...,ik) G {!,..., d}^ is a word, we denote by Vj the Lie commutator defined by 

Vi = [V,,,[V,„...,[V,,^„V,,]...]. 

The group of permutations of the set {1, ..., A;} is denoted 6^. If a £ &k, we denote by e{a) the 
cardinality of the set 

{je{l,...,k-l},aij)>aij + l)}. 
Finally, for the iterated integrals, defined in Young's sense, we use the following notations: 

(1) 

A''[0,t] = {(ti,...,tfc) G [0,t]^tl < ... < tk}; 

(2) If / = (ii, ...ife) G {1, ..., d}'^ is a word with length k, 

dB'= [ dBil-.-dBll 

A*[0,i] JO<ti<...<tfc<t 



p{t; x,x) = -^ (ao(x) + ai{x)e^ + ■■■ + a„(x)t2"^ + o(t2"^)) 
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(3) If / = {ii, ...ik) £ {1, ■■■,d] is a word with length k, 

MB\=Y. ^;^^^^^\ ^ [ dBC^^^y--dBl'^'''\ t>0. 



Theorem 4.13. For f G C^{R'^, R) , x e R'^, and N > 0, when t -^ 0, 

= /(exp| E AKi?)*l//JxJ +o(t^^) 
and 

= E[/[exp| E AKi?)tF,|xJ J +o(t^^) 

As a consequence, we obtain the following proposition which may be proved as in Q (or ifTOl ). 

Proposition 4.14. For N > 1, when t —>■ 0, 

P(t;xo,xo) = <if(xo) + O(t^(^+^"^)), 

where df {xq) is the density at of the random variable ^^ |/|<Ar ^l{B)tVi{xQ) 

This proposition may be used to understand the geometric meaning of the coefficients afc(xo) of 
the small-time asymptotics 

pit- x,x) = j^ (ao(x) + ai{x)t^" + ■■■ + a„(x)t2'^^ + o(t2"^)) . 

For instance, by applying the previous proposition with A^ = 1, we get 

f ,^ 1 

'''^'''^ (2^)f |det(yi(xo),---,y,(xo))| 

The computation of ai{x) is technically more involved. We wish to apply the previous proposition 
with N = 2. For that, we need to understand the law of the random variable 

et = J2 Bmxo) + \ Y. I ^"sdBi - BidBt[V,, V,](xo). 
From the structure equations, we have 

Q^ = J2\B^ + \ Y. ^Ij f BldBi-BidBl\vk{xo). 

k=l \ l<i<j<d ° / 
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By a simple linear transformation, we are reduced to the problem of the computation of the law of 
the M'^-valued random variable 



\ l<i<j<d ■'^ ) ^ 



<k<d 



At that time, up to the knowledge of the authors, there is no explicit formula for this distribution. 
However, the scaling property of fractional Brownian motion and the inverse Fourier transform 
formula leads easily to the following expression 

^^^"°'"°^= |det(y,(xo),--- ,V,{xo))\ {2.t^^r/^ (1-g/^M^ +o{t )), 



where qH{^) is the quadratic form given by 



27r)2 jRd y \l<^<J<d -^0 



2\ 



mii^) = — -T / _ E I e^^'^^^ I > ^ (^,„ A) / BldBl - BidBl | | d\. 



5. Appendix 

In this last section, we give proofs for the technical lemmas we used before. 
Fix 1/2 < A < H. Let B{(p,p) £ C^{0,T;W^) be the ball centered at cp with radius p under 
the A-Holder topology 



0<s<t<T (t - s)^ 



|/||a,t:=||/||oc+ sup ^'\' \\'\ forall/GC^(0,r;] 



Note that the A-Holder topology is a stronger topology than the usual supreme topology. 
Recall the two expressions for Z'^ 

(5.1) dZ^ = (T{Zl){edBt + d'jt) + b{e, Zl)dt 

and 

N 



(5.2) ^- = + ^ Mi + e^+iij; 



7 
j=0 ■' 



N+l- 



Here 7 G J^, hence 7 G I^^^^'^{L'^) C C7^(0, T; 

5.1. Proof of Lemma I3l7l We show, for all t G [0,T], there exists a constant C such that for r 
large enough we have 

(5.3) P{||(7i||A,t>n<exp ' 



t 



2H 



P{||52||A,t>r}<exp|-^| 
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and 

(5.4) n\\eRl\\x,t>r;t<T'}<p 

n\\£R^h,t>r;t<T'}<exp 
F{\\eRl\\x,t>r;t<T'}<e^p 

Here T^ is the first exist time of Z^ from B{(j), p). 
We first prove the estimates for gj's. Write 



-p2t2H 

Cr 



(5.5) a{Z') = a{^) + a^^Z' -</)) + ^a^.mz' - (t>f + 0{e') 
and 

(5.6) h{e, z') = 6(0, </.) + 6,(0, cfy{Z' -</<) + ^6^,(0, 0)(Z^ - (t>f + ©(e^) 

+ 6,(0, 0)e + 6,,.(0,</.)(Z^ - (/>)£ + 0(^3) 
+ i6,,(0,(/<)e2 + O(e3). 

Substituting into the two expressions of Z^ gives us 

(5.7) dgi{s) = a{(ps)dBs + (Tx{(t>s)gi{s)d-is + hx{QAs)9i{s)ds + he{QAs)ds. 
and 

(5.8) dg2{s) =2ax{(j)s)gi{s)dBs + (yxx{4>s)gi{sfd-is + cFx{(j)s)g2{s)d-fs 

+ fexx(0, (l)s)gi{sfds + 6a;(0, 4's)g2{s)ds + 6e£(0, (/)s)ds 

+ 26e,(O,0s)5'l('S)'is. 

By ( 15.71 ) and Remark [ZT] it is clear that 

||5i||A,i<C||S||A,i, te[o,T], 

where C is a constant depending only on ||0||A,r. IItIU.t and T. This gives us the first estimate in 
(1531 ). 

Similarly, by (15.81 ) and Remark [ZT] together with the estimate we just obtained for gi, we have 

||52||A,t < C{1 + II^iIIa,* + \\gi\\l,t + ll5'l||A,t||S||A,t) 

<C\\B\\l,. 

Here C is also constant depending only on H^Ha.t. IItIIa.t and T. Hence we have proved ( 15.31 ). 

In what follows, we prove (I5.4I ). To lighten our notation, in discussion that follows, we suppress 
the supper-script s in i?? whenever there is no confusion. 

Since we work in -B(</>, p), the first inequality in (15.41 ) is apparent. We therefore only need to 
concentrate on the last two inequalities. 
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First we use similar idea to deduce the equations satisfied by Ri, i = 1,2, 3. For this purpose, 
define m, fi2 and ui, V2 by 



(5.9) 

and 
(5.10) 



a(Z^) = cr((/>) + /iie 

h{e,Z^) = 6(0, (^) + i/ie 

= 6(0, (/>) + 6^.(0, 0)(Z^ -(/>) + 6,(0, 4>)e + z^ae^ 



It is clear that /xj; i = 1, 2 (resp. Vj) are of the form il)^ {eR\){R\f (resp. Vi'(ei?i)(i?i)*), where 
V'j are some functions of bounded derivatives determined by a and 6. Hence in B[(\), p), /xi, vi 
are functions of Ri with bounded derivatives, and there exists a constant C, depending only on 
derivatives of a and 6, such that 

(5.11) ll/UilU,*, Ili^ilU,* < C'(l + ||i?i||A,t) and ||/U2||A,t, lk2||A,t < (^(1 + ||i?i||A,t)^. 
Equations (|5^ . (|5TT]) . (ED and (15.101) give us 

(5.12) dRi{s) = a{Zl)dBs + pid^is + ^ids 

dR2{s) = 2pidBs + 2fj,2d^.s + crx{(t>)R2d'yt + bx{0, 4>s)R2ds + 2v2ds. 

Since we work with in B{(f), p), we have 

\\z'h,t<m\x,t+p 

hence 



aiZDdBs 



<C\\B\ 



\,t 



A,t 



for some constant C depending only on p, 4> and derivatives of a. By standard Picard's iteration, 
we conclude that 



(5.13) 



\Ri\\x,t<C\\B\\x,t{l + h\ 



\,t 



in B{(j),p) 



for some constant C uniformly bounded in e. 
The equation for R2 is 



(5.14) dR2{s) - ax{<p)R2d'ys - bx{0, (t)s)R2ds = 2pidBs + 2p2d-is + 2v2ds. 

Recall that ^1 is of the form V'l {£Ri)Ri, and in B{(j), p), 

\\eRi\\x,t < P- 
We obtain 



£ I pidB, 




A,t 



<(ei?i)(eiii)dS, 



<P^C\\B\\x,t 



A,t 



29 



for some constant C uniformly bounded in e. Similarly, 



t r-t 

Jo 



ij>^ieRi){eRl)d^s+ [ ^2{£Ri){eRl)ds 
Jo 



A,t 



< P^C\\Ri\\x,t{^ + Mx,t) 

< p^C\\B\\x,t{l + h\\x,t) 

for some constant C uniformly bounded in e. Hence by multiplying a factor 

expl- ax{<p)d'~i - / b:r{0,(t>)du 
to both sides of (15.141) and integrating from to t, we conclude 

n\\£R2\\x,t >r;t<T'}< exp | -^^^ 
This gives us the desired estimate for ei?2- A similar argument also gives us 



n\\R2\\x,t >r;t<T'}< exp |--^| 



Continuing this type of argument, the equation for R^ is given by 

dR3{s) - ax{(t))R2.d-is - ^e(0, 4>)R:ids = a{(j))R2dBs + p2dBs + //s^Ts + -^cr^^{(p)RiR2d'ys 

+ jbxxiO, 4>)RiR2ds + u^ds + be,x{0, 4>)R2ds. 
By (15.111) and (15.131 ) we conclude that in B{(l), p) we have for all < e < p 



£ / a{(j))R2 + P2dB, 
Jo 



<pC\\B\ 



A,t' 



X,t 



and similar estimates for the rest of the terms on the right hand side of the equation for R^. Hence 

f Cr 

nW^RsKt >r;t<T'}< exp I -^2;^ 

Therefore, we have proved (15.41) . 

5.2. Proof of Lemma |3^ For the convenience of quick reference, we re-state the lemma here. 

Lemma 5.1. Let 

e{e) = F{Z^) = 9{d) + e0'(O) + e^U{e) 

where U{£) = /n (1 ~ v)9"{£v)dv. There exist /3 > and Eq > such that 



sup E(e-(i+'^)^(^);Z^G5(0,/>)) <oo. 

0<e<eo ^ ^ 



Observe that 



Thus, if we write 



(Z^ 



^^al + ^£^9iR2 + ^£^RiR2- 



U{e) = -9"{0) + eR{e) 
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then 

(5.15) \Rie)\ < C{\R3\ + \gi\\R2\ + \R2\\Ri\ + \RI\). 

Together with the fact that \eRi [ < p we obtain 

\eRie)\ < C(|ei?3l + \gi\\eR2\ + p\R2\+ p\Ri\). 

Hence, from the estimates in Lemma |3^ we conclude that for each a > 0, there exists p{a) such 
that for alle < p < p{a), we have 

sup E ('e(i+")l^«(^)';t < T') < oo. 

0<£<p ^ ^ 



Therefore, to prove Lemma 1X91 is reduced to prove the following 

Lemma 5.2. There exists a f3 > such that 

'1 



2^"(0) 



< oo. 



Eexp<^-(l + /3) 
Proof. We follow the proof in Ben ArousfTl. Since 

dFie)g2 + d''F{e)gl , 
it is clear that to prove the above lemma, it suffices to prove that for sufficiently large r we have 



c/(o) = ^e"{o) = i 



(iF(0)<72 + (fF{cP)gj 



> r > < e 



-Cr 



with C > 1. 



Y' = {egi,e^g2) 



(5.16) ] 

Set 

with 

dy/ = £a{s, Y^)dBs + b{e, s, Y^)ds, Y^ = 0. 
Here a and b are determined by ^j}) and dSUl. Define A C C([0, T], M^rf) by 

A = {^p = (V'i,V'2) G C{[0,T],R'^ x W^) : (iF(0)V^2 + d^i^CcA)^? < -2}. 
We have 



F{Y' G A} 



dFi(f>)g2 + d^F{<i))gl 



> 



and by the large deviation principle for Y^ 

limsupe^logPly^ e A} < -A*(^). 



e^O 



Here A* is the good rate function of y^. It is clear that to prove inequality ( 15.161) it suffices to 
prove that A* (^) > 1. 
Recall that 

A*(A) = inf|i|fe|2^^;$*(fc)GA} 

where u = ^*{k) is the solution to the ordinary differential euqaiton 

dug = (t{s, Us)dks + 6(0, s, Us)ds, with uq = 0. 



31 

It is easy to see from (13.41) . (13.51 ). (15.71 ) and (15.81) that we have expUcitly 

By our assumption H 2 and the explanation after it, there exists v S (0, 1) such that for all k € 
M'h — {0} we have 

cPFo^{^)k^>{-l + v)\k\%.^, 

or 

— (d2FocI>(7)A;2) = --l , 
1 — V 1 — V 

Therefore, if <^*{k) G A, we have 



l^lk > -^-{<fFo^{^)e) = -——(d'Fi<P)id^^)k)+dFmdHi^)k')). 



-^\ku > r3^ > 1' 

which implies A* {A) > 1 and completes the proof. D 
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